Multifractal Analysis of Choquet Capacities  by Véhel, Jacques Lévy & Vojak, Robert
 .ADVANCES IN APPLIED MATHEMATICS 20, 1]43 1998
ARTICLE NO. AM960517
Multifractal Analysis of Choquet Capacities
Jacques Levy Vehel* and Robert Vojak²Â Â
INRIA, Groupe Fractales, B.P. 105, Domaine de Voluceau,
78153 Le Chesnay Cedex, France
A multifractal analysis is defined for sequences of Choquet capacities
with respect to a general class of measures, and some preliminary results are pre-
sented concerning the usual spectra. In particular, we show how to construct a
sequence of capacities whose Holder spectrum is, under mild conditions, pre -È
scribed. Q 1998 Academic Press
1. INTRODUCTION
Multifractal analysis was first introduced for the study of turbulence in
w x1]7 and was then much developed in a mathematical framework, for
w xinstance, in 8]18 , where general results were obtained for deterministic
or random measures. Other authors extended this analysis to point func-
w xtions 19, 20 , obtaining quite complete descriptions. In this work, a
multifractal analysis is defined for sequences of Choquet capacities with
respect to a given reference measure, and some preliminary results are
given.
The motivations for these generalizations are essentially practical:
v In many applications, the relevant quantities for the description of a
given phenomenon cannot be easily modeled by measures, because they
are not additive. Let us give two examples. In the field of image analysis
w x21, 22 , edge detection is a topical problem. To a given region in the
image, we may associate the sum of the grey levels of the pixels lying inside
this region. This set function is additive and it is a measure. Alternatively,
we may split the region into subsets of pixels having the same grey level,
and associate to the region the cardinal of the subset containing the
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a measure. However, it is increasing and regular; thus it is a Choquet
 .capacity a similar example is to be found in Section 5.1 . Some computa-
tions show that the second set function is a more powerful and more
robust tool for detecting edges in an image than the first set function. Let
us now move to the study of road traffic. A topical quantity is the flow. It is
usually expressed in number of vehicles per hour, and measures the
number of vehicles that have been passing by at a given point during a
w xgiven period of time. To a time interval t , t , we may associate the mean0 1
flow observed between t and t , or the maximum flow observed between0 1
t and t . While the former is additive and is a measure, the latter again is0 1
not additive and is a capacity. Furthermore, it is easy to see that the
capacity is more appropriate than the measure if we are interested in
predicting the beginning of a congestion.
These two simple examples show that additivity is too strong a
requirement to impose on the set functions we deal with. Choquet capaci-
ties are the simplest generalization of measures relaxing the additivity
constraint, and this is why it is interesting to define a multifractal analysis,
w xsuch as that, for instance, presented in 14 , does not indeed rely much on
the fact that the studied objects are measures, and only a few details need
to be modified in order to deal with capacities. Indeed, we closely follow
w x14 in Sections 2.1.4 and 3.3.
v There are many reasons for performing a multifractal analysis w.r.t.
any probability measure m rather than restricting to the Lebesgue mea-
sure. For instance, this generalization ``uncovers'' some degenerate cases:
several measures may be mixed together with the singularities of one of
them ``dominating'' the other so that only its spectrum is ``seen'' when we
use a classical analysis. Changing the reference measure here allows one to
be sensitive to the other measures. Another point is that a multifractal
analysis may be meaningless or even impossible to perform w.r.t. the
 .Lebesgue measure for instance, the Holder exponents may fail to exist ,È
but can be fruitful w.r.t to another measure. Finally, and this is most
important in practical applications, changing the reference measure may
lead to much faster convergence rates when estimations are made on real
data. We call this type of analysis mutual multifractal analysis, and a few
steps are made in this direction in Section 3.6, although the subject is
merely touched upon in the present paper. Further investigations will be
presented elsewhere.
Finally, the reason for working with sequences is that the notion of
resolution is taken into account in a simple manner. Also, most of our
results need not insure the limit of the sequences.
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Section 2 defines the basic principles of the analysis, Section 3 proposes
some general results for the comparison of the different usual spectra and
Section 4 proposes a simple model for constructing capacities which can be
useful in some applications. The last section indicates a way to construct
sequences of capacities with a prescribed spectrum, under some mild
conditions, and give tighter bounds for the spectra.
2. MULTIFRACTAL ANALYSIS OF A SEQUENCE OF
CHOQUET CAPACITIES
ÄIn this section, we define the quantities a , a , f , f , f and f whichn h g g l
are the core of multifractal analysis.
2.1. General Definitions
w xDEFINITION 1 23 . Let E be a set. A paving on E is a set E of subsets
of E containing the empty set and stable under finite union and finite
 .intersection. The pair E, E is called a paved space.
 .Let P E denote the power set of E.
 .DEFINITION 2. Let E, E be a paved space. A Choquet E capacity on
 .E is a function c: P E ª R verifying the following properties:
 .  .  .1 c is non-decreasing: if A ; B, then c A F c B .
 .  .2 If A is an increasing sequence of subsets of E, i.e., A : A ,n n nq1
c A s sup c A . .D n n /
nn
 .  .3 If A is a decreasing sequence of elements of E , i.e., A :n nq1
A ,n
c A s inf c A . .F n n / nn
w xRemark. Every Borel measure can be extended to a capacity 23, p. 16 ,
 .  .and every positive additive capacity such that c B s 0 is a measure on
 .  .B E the Borel sets of E . In what follows, we only consider Choquet
w w w x  .capacities defined on E [ 0, 1 , and taking values in 0, 1 , with E [ B E .
Moreover, the short term capacity will stand for a Choquet E capacity on
E.
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 . w wLet c s c be a sequence of capacities defined on 0, 1 , andn nG1
 n. . w wP [ I a sequence of partitions of 0, 1 . We assume thatj 0 F j- n nG1n
the following conditions are met:
 . < n <C1 lim max I q 0.nª` 0 F j- n jn
 . nC2 ;n, k, I is an interval, semi-open to the right.k
Occasionally, we will need the further conditions:
 . n ny1 0C3 ;n, ; j, 0 F j - n 'k such that I m I , where I [ E.n j k 0
 .C4 ;a ) 0,
< < alim sup I k I F 1, .
< <IgP , I ª0
 n.  < n < < nq1 < nq1 n4where k I [ sup I , I ; I ; I .j j k k j
w wWe also assume that a non-atomic probability measure m on 0, 1 is given.
We stress the fact that, in our case, a multifractal analysis is relative to a
fixed sequence of partitions and a fixed measure. In particular, if the
sequence of partitions changes, all the quantities defined below i.e.,
Ä .a , f , f , f , f , t may vary.h l g g
w w n . nFor x g 0, 1 and n g N, let I x be the interval I containing x. Letj
 n.  n.U be the set of indices j such that c I m I is strictly positive.n n j j
2.1.1. Definition of f . Leth
log c I n x . .n
a x [ , .n nlog m I x . .
 n ..  n ..which is defined when c I x m I x / 0, andn
a x [ lim a x .  .n
nª`
when this limit exists. We call this quantity the pointwise Holder exponentÈ
of c at point x with respect to m, although the usual definition involves
the limit over all balls centered at x, c s c for all n, and m s Ln
 .Lebesgue measure .
We will use the following definition of dimension of a set E with respect
 .to a non-atomic measure m, dim E . This definition is similar to that ofm
w xHausdorff dimension 24 , except for the fact that it is restricted to
coverings by the elements of P.
MULTIFRACTAL ANALYSIS OF CHOQUET CAPACITIES 5
Let
q`
ssH E [ inf m E , E ; E , m E F d , E g P ; i .  .  . Dm , d i i i i 5
is1 i
H s E [ lim H s E .  .m m , d
dª0
dim E [ inf s, H s E s 0 s sup s, H s E s q` . .  .  . 4  4m m m
 .  .  .Note that if the elements of P satisfy C3 an d C4 , then dim E ism
w xindeed the Hausdorff dimension of E 25 .
Set
w wE [ x g 0, 1 , a x s a . 4 .a
The f multifractal spectrum sometimes known as the Holder or Haus-Èh
.dorff spectrum of c is defined as
f a [ dim E . .h m a
n . n .2.1.2. Definition of f . Let n g N and « ) 0. Let K a and N ag « «
denote
c I n .n kn w x 4K a [ k g 0, . . . , n , g a y « , a q « .« ny1 n 5log m I .k
and
N n a [ card K n a . .  .« «
We define the f multifractal spectrum of c asg
log N n a .«
f a [ lim lim sup . .g log n«ª0 nª` n
w xNotice that, contrary to the usual definition of f 15, 26 , we do notg
assume that all the intervals of a partition have the same size. n does notn
represent here the inverse of the size of the intervals, but their number.
However, this classical definition is obviously ill-adapted here. We are thus
led to the following generalization.
Ä2.1.3. Definition of f . With the previous notations, we define, for allg
b ) 0,
bn nS a , b [ m I .  .« k
n .kgK a«
S a , b [ lim sup Sn a , b .  .« «
nªq`
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 .  .with the convention  s 0 . Using C1 , it is then easy to show, byB
analogy with the Hausdorff dimension, that there exists a real number
Ä«  .f a such thatg
Ä«b - f a « S a , b s q` .  .g «
Ä«b ) f a « S a , b s 0. .  .g «
Ä«f is non-decreasing in « , and we note thatg
Ä Ä«f a [ lim f a . .  .g g
«ª0
It is straightforward to verify that if all the intervals have the same size
y1 Ä  .n , m s L and when f exists, then f s f see Lemma 1, below .n g g g
 w x .  .2.1.4. Definition of f . Here we follow the work of 14 . Let l bel n nG1
a sequence of positive integers such that
exp yhl - ` for all h ) 0. 1 .  . n
n)0
We define
yyxq1n nX x , y [ c I m I .  .  .n n j j
jgUn
and
X x , y [ lim sup ly1 log X x , y . .  .n n
nª`
One verifies that X is convex, non-decreasing in y, and non-increasing in
x.
Set
V [ x , y , X x , y - 0 . 4 .  .
w xAn argument similar to one found in 14 allows us to show that there
exists a concave map f such that
Ê 2V s x , y g R , y - f x y 0 4 .  .
Ê .V is the interior of V .
We suppose that f is finite on an open interval containing 0, and we set
t q [ f q y 1 . .  .
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We then define the f multifractal spectrum of c as the following Legen-l
dre transform of t :
f a [ inf qa y t q . .  .l
q
 . nWhen m s L Lebesgue measure and all the I have the same length,j
say ny1, and assuming that all the considered limits exist, we obtain then
usual formulae:
1 qnt q [ y log c I .  .n n jlog nn jgUn
t q [ lim t q . .  .n
nª`
 .As for measures, the multifractal analysis consists in computing a x andn
Ä .a x , and in evaluating and comparing f , f , f , and f .h g g l
When several sequences of capacities are considered simultaneously, we
Ä Äwrite respectively E , f , f , f , and f for E , f , f , f , and fa , c h, c g , c g , c l, c a h g g l
 .associated with c, where c is either a measure or a sequence c [ cn nG1
of capacities.
 .2.2. Remark. When a sequence c of capacities converges simplyn n
  .  ..toward a set function c i.e., for all A ; E, c A converges to c A , then
definition of the Holder exponent defined above might not coincide withÈ
 .the definition obtained by considering c see the diagram below . More
precisely, for a given x g E, we could imagine the two following proce-
 .dures for computing a x .
v .  .1 Given c , compute a x .n n
v  .  .When the limit exists, deduce a x [ lim a x .nªq` n
v .2 Compute c [ lim c .nªq` n
v






The following example shows that even in the case of a sequence of
measures, we may have a / a :c
w w w wLet x be any element in 0; 1 , and P be the partition of 0; 1 in dyadic0
 < n < yn .intervals i.e., I s 2 for all k, n . The multifractal analysis is herek
carried out with respect to m s L . We consider the sequence of measures
whose general term is
c A [ L A R I n x q 2yn L A l I n x .  .  . .  .n 0 0
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 .  .for every Borel set A of E. Clearly, c A converges toward L A .n
 n .. y2 nMoreover, c I x s 2 , and for x / x , and for sufficiently large n,n 0 0
 n .. ync I x s 2 . We deducen
a x s 2 .0
a x s 1 if x / x . 0
a x s 1 for all x g E. .c
A necessary and sufficient condition that guarantees the commutativity of
the above diagram is of course
1 c I n x . .n
lim log s 0.nn c I xnªq`  . .
However, in practice, the limit is not always known. The following commu-
tativity criterion is more convenient:
 .PROPOSITION 1. Let c be a sequence of Choquet capacities con¨ergingn
 .  .simply to a finite limit c, and let x g E such that a x and a x exist. Thenc
1 c I n x . .n
lim lim log s 0 m a x s a x . .  . .cn /n c I xnªq` pªq`  . .p
If so, c is said to be an admissible rank n approximation of c.n
n n  ..   ..Proof. Use the equality c I x s lim c I x for a fixed n.pªq` p
The measure introduced in the example does not satisfy the commutativ-
ity criterion. Indeed, we have
1 m I n x . .n 0
lim lim log s ylog 2.nn m I xnªq` pªq`  . .p 0
Ä3. COMPARISON OF f , f , f , f IN THE GENERAL CASEh g g l
ÄIn this section, we propose some inequalities between f , f , f , and fh g g l
without making any assumption on c. The main result of this section is the
following:
 .  .THEOREM 1. Let c [ c be a sequence of Choquet B E -capacitiesn nG1
w w w x  n. .defined on 0, 1 , taking ¨alues in 0, 1 , and let P [ I be ak 0 F k - n nG1nw w  .  .sequence of partitions of 0, 1 satisfying C1 and C2 . Then the following
inequalities hold:
Äf F f F f .h g l
MULTIFRACTAL ANALYSIS OF CHOQUET CAPACITIES 9
The proof of this theorem is separated into several steps explained
below.
Ä3.1. Comparison of f and fh g
 .  .PROPOSITION 2. Under conditions C1 and C2 , we ha¨e
Äf F f .h g
Proof. In what follows, we assume that E / B the case E s B isa a
. w w  . ntrivial . Let x g 0; 1 , n g N, k x the integer such that x g I , andn k  x .n
x n the lower bound of I n. When the limit exists,k k
a x [ lim a x s lim a x n . .  .  .n n k  x .nnªq` nªq`
Choose « ) 0. We have
n w x'n s n x , « , ;n G n a x g a y « ; a q « .  .0 0 0 n k  x .n
or equivalently
'n s n x , « , ;n G n k x g K n a . .  .  .0 0 0 n «
Since x g I n for all n, we obtaink  x .n
;« ) 0 x g I nF D k
n .  .nGn x , « kgK a0 «
and
;« ) 0 E ; I n ,D F Da k
np nGp  .kgK a«
which yields, after we set E« [ F D n I n and s« [ dim E« ,a , p nG p k g K a . k p m a , p«
f a [ dim E F sup s« . .h m a p
p
Clearly, E« ; E« , and thus s« F s« . We deduce sup s« sa , p a , pq1 p pq1 p p
«  « .lim s which is finite since s F 1 .pªq` p p
q  n.Let s, d g R and p g N. For large n, we have max m I F d andk k
thus
ss « n nH E F m I s S a , s , . . . m , d a , p k «
n .kgK a«
which yields
H s E« F S a , s . .m a , p «
and
« Ä«s F f a . .p g
LEVY VEHEL AND VOJAKÂ Â10
We conclude that
Äf a F f a . .  .h g
Ä3.2. Comparison of f and fg l
 .  .PROPOSITION 3. Under conditions C1 and C2 , we ha¨e
Äf F f .g l
Proof. Since
n y1n
q yt q ytn n n nX q y 1, t [ c I m I G c I m I .  .  .  .  . n n k k n k k
nks0  .kgK a«
we have, for large n,
 .q a"« ytn nX q y 1, t G m I \ S a , a " « q y t .  . . .n k «
n .kgK a«
 .choose a q « if q G 0 and a y « if q - 0 .
 .  .Choose t - t q . Then X q y 1, t - 0 and there exists c ) 0 such
that, for large n,
X q y 1, t F exp ycl . .  .n n
This yields
S a , a " « q y t s 0. . .«
Hence
Ä«;q , ;t - t q , ;« ) 0 a " « q y t G f a . .  .  .g
 .Thus, letting « ª 0 and t ª t q ,
Ä;q f a F a q y t q .  .g
and
Äf a F f a . .  .g l
3.3. Comparison of f and fh l
w xThis section follows some results of 14 to show that, in the case of a
sequence of Choquet capacities we have:
 .  .PROPOSITION 4. Under conditions C1 and C2 ,
f F f .h l
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w xProof. The proof is a simple extension of the one given in 14 . Here
are the main steps:
v  .   .. xWe show that f a s inf qa y t q is non-decreasing on y `,l q
 q.x w  y. wyt 9 0 and non-increasing on t 9 0 , q` .
v
y .  .  .If a F t 9 0 and d ) f a , then ' t ) 0, X t y 1, yd q a t - 0.l
v
q .  .  .If aGt 9 0 and d) f a , then ' t)0, X yty1, ydya t -0.l
n n a
v   .  . 4L e t U s j, c I G m I ; th e n lim su pa n j j n ª `
y1 n d y .  .  .l log m I - 0 for a F t 9 0 and d ) f a .n jgU j la
v
n n a  .  . 4Let U s j, 0 - c I F m I , then lim supa n j j n ª `
y1  n.d  q.  .l log m I - 0 for a G t 9 0 and d ) f a .n jgUa j l
q y1 n yt 0.
v  .  .If a - t 9 0 , then lim sup l log m I - 0.nª` n jgU ja
v
y y1 n yt 0. .  .If a ) t 9 0 , then lim sup l log m I - 0.nª` n jgU ja
v
y w w <  . 4  .Let B s x g 0, 1 a x F a . If a F t 9 0 , then dim B Fa m a
 .  .f a . Xl
v
q w w <  . 4  .Let V s x g 0, 1 a x G a . If a G t 9 0 , then dim V Fa m a
 .  .f a . Yl
This finally leads to
f a s dim E F f a . Z .  .  .h m a l
 .  .  .Remark. Results X and Y are in fact stronger than Z , since they
provide an upper bound for the dimension of the union of a possibly
uncountable number of sets E .a
Ä3.4. Comparison of f and fg g
Let c and « be two strictly positive real numbers, and n an integer. Set,
for all a g Rq,
K n a , c [ k g K n a , m I n - cny1 .  . 4 .« « k n
n n n y1K a , c [ k g K a , m I ) cn .  . 4 .« « k n
h n a , c [ card K n a , c .  .« «
n nh a , c [ card K a , c .  .« «
N n a [ card K n a .  .« «
l n a [ min m I n .  .« kn .kgK a«
ln a [ max m I n . .  .« kn .kgK a«
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Furthermore, we note, for all b ) 0, that
bn nh a , c . l a .« ««m a , c, b [ 1 y .n n y1 / /N a cn .« n
bn nh a , c l a .  .« ««M a , c, b [ y 1 . .n n y1 / /N a cn .« n
n .From the definition of S a , b , we deduce the inequalities«
c bN n a nyb 1 y m« a , c, b F Sn a , c .  .  . .« n n «
F c bN n a nyb 1 q M « a , c, b . .  . .« n n
We then obtain the following lemma:
 .  .LEMMA 1. Under conditions C1 and C2 , we ha¨e
  . «  . .  .1. 'c ) 0, ;« ) 0, ;b - f a , lim sup m a , c, b - 1 « f ag n n g
Ä .F f a .g
  . «  . .2. 'c ) 0, ;« ) 0, ;b ) f a , lim sup M a , c, b - q` «g n n
Ä .  .f a F f a .g g
y1 y1 n Ä  . .3. 'A ) 0, 'n g N, ;n G n , A n F m I F An « f s f .0 0 n k n g g
Proof. 1. The hypothesis implies that there exists a real number
x wm g 0; 1 such that
m« a , c, b - m .n
for all large n, and thus
c b 1 y m N n a nyb F S« a , b .  .  .« n n
and the result follows.
2. The proof of the second result is similar.
3. This is a consequence of the two other results. Indeed,
Ay1ny1 F m I n « h n a , Ay1 s 0 . .n k «
n y1 nm I F An « n a , A s 0, . .k n «
which yields the desired equality.
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We also have more practical properties:
  n . n .. .PROPOSITION 5. 1. 'c ) 0, ;« ) 0, lim sup h a , c rN a - 1n « «
Ä .  .« f a F f a .g g
n Ä  . .  .  .2. ;« ) 0, lim inf l a n ) 0 « f a F f a .n « n g g
n Ä  . .  .  .3. 'c ) 0, ;« ) 0, lim sup h a , c - q` « f a F f a .n « g g
n Ä  . .   .4. ;« ) 0, lim sup l a n - q` « f F f a .n « n g
n Ä  . .  .  .5. 'c ) 0, ;« ) 0, lim sup h a , c - q` « f a F f a .n « g g
 n . n .. n . n .Proof. 1. lim sup h a , c rN a - 1 « h a , c rN a - m -n « « « «
1 for a certain m and for large n, and
lim sup m« a , c, b - 1. .n
n
We conclude by using the previous lemma.
n < n n2. lim inf l a n ) 0 « 'c ) 0 l a n ) c « h a , c s 0. .  .  . . /« n « n «
n
3. We have
bb n yb n yb n nc N a n h a , c n y l a F S a , c .  .  .  . .« n « n « «
n . n .and lim sup h a , c - q` ensures that h a , c is bounded. Moreover,n « «
byb nlim n y l a s 0 . .n «
n
n . yb n . b .implies that h a , c n y l a is bounded.n «
4. The proof is similar to that of part 3.
5. The proof is similar to that of part 3.
3.5. Examples When f , f , and f Differ with m s Lh g l
 .3.5.1. EXAMPLE 1. f F f . In this example, the sequence c is suchg h n n
1  .that, for all n, c [ m with m [ m q m , where m is a binomialn 1 2 12
11 w w measure whose support is 0; , with weights m , m [ 1 y m m -0 1 0 02
1. w w w wm , and m is the uniform measure on ; 1 . We split 0; 1 as follows: for1 2 2
1 1y ny1.w w w wa given n g N*, we split 0; in dyadic intervals of size 2 , and ; 12 2
1y ny1. w w  .in triadic intervals of size 3 . For almost every x g 0; , a x s2
1w w  .yw log m y w log m . For any x g ; 1 , a x s 1. Clearly,0 2 0 1 2 1 2
w x  4yw log w y w log w if a g ylog m ; ylog m R 10 2 0 1 2 1 2 1 2 0f a s .h  1 if a s 1.
1 w xFor the definition and results on multinomial measures, see, for instance, 14 .
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But it is easily shown that
w x  4yw log w y w log w if a g ylog m ; ylog m R 10 3 0 1 3 1 2 1 2 0f a s .g  1 if a s 1.
This example shows that, in the case of a non-uniform partition, f isg
Ä .  .inadequate. Indeed, one easily verifies that, in this case, f a s f a ;a .h g
3.5.2. EXAMPLE 2. f s f F f . Here again, for all n, c [ m definedh g l n
1 1w w  . w won 0; 1 by m [ m q m , where m is the uniform measure on 0; ,1 2 12 2
1w wand m is a binomial measure on ; 1 with parameters m , m , and the2 0 12
w wpartition of 0; 1 is made up of dyadic intervals.
In this example, we shall refer to indices 1 and 2 when talking about
quantities associated with the measures m and m , respectively. Thus, we1 2
denote by f and f the spectra associated with m and m , respectively,1 2 1 2
 .and we denote by a the real number such that a s f a and by a theg , 2 M
 .real number such that f a s 1.g , 2 M
f spectrum. Since m and m have disjoint supports, we haveh 1 2
E s E m1 j E m2a a a
and
f a s max dim E m1 , dim E m2 .  .h H a H a
with
y` if a / 1m1dim E sH a  1 if a s 1
and
dim E m2 s yw log w y w log w F 1,H a 0 2 0 1 2 1
which gives
1 if a s 1
f a s .h  f a if a / 1 .2
 .notice that f is not concave .h
 .  .f spectrum. A simple computation shows that f 1 s 1 and f a sg g g
yw log w y w log w if a / 1. In this case, we have the equality0 2 0 1 2 1
f s f .h g
f spectrum. For a given n, we havel
q 1 ny1 ny11yq q qt q s y log 2 q m q m .  .  . /n 2 0 1n n
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and
 4f a s min inf a q y q q 1 ; inf a q y t q ; inf a q y t q . 4  4 .  .  .l  /w x qF0 qG1qg 0; 1
Since
 4inf a q y q q 1 s min a , 1 .
w xqg 0; 1
1 if a F aM
inf a q y t q s 4 .  f a if a G a .qF0 g M
f a if a F a .ginf a q y t q s 4 . qG1 a if a G a .
We obtain:
v w x  .If a g ylog m ; a and then a - 1 - a2 1 M
f a s min min a , 1 , 1, f a s f a . .  .  .  . .l g g
v w xIf a g a ; a ,M
f a s min min a , 1 , 1, a s min a , 1 ) f a s f a . .  .  .  .  . .l g h
v w x  .If a g a ; ylog m and thus a ) 1 ) a ,M 2 0
f a s min min a , 1 , f a , a s f a . .  .  .  . .l g g
w w3.5.3. EXAMPLE 3. f F f . For n g N*, we split 0; 1 in dyadic inter-h g
vals of size 2yn. We consider the sequence of probability measures indexed
by n,
1
ypm A [ L A q 2 d A . .  .  .n 1r p2 pG1
w w  4 w wFor a Borel subset A of 0, , set P [ 1rp; p g N* . Let x g 0; 1 . One
easily checks that
0 if x g P
a x s .  1 if x f P .
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Therefore,
f 0 s dim P s 0 .h L
f 1 s 1. .h
Computing f givesg
1
f 0 s .g 2
f 1 s 1. .g
Thus
f 0 - f 0 . .  .h g
Ä w wAnother example in which f and f differ dramatically on 0, 1 isg g
presented in Section 5.3, Example 4.
3.6. A Simple Example with m / L
In this section, we present an explicit computation in a case where
m / L . However, as was said in the Introduction, we will not elaborate
much on this topic here, and a full account of the study of multifractal
analysis with respect to ``exotic'' measures will be presented elsewhere.
w w  .We analyze the binomial measure n on 0; 1 , with weights m , m with0 1
w wrespect to another binomial measure m on 0; 1 , whose weights are
 .p , p , the partition being the dyadic intervals. In this case, we compute0 1
f and f , and show that they are equal, which implies that their commonh l
Ä .  .value is also the value of f a s f a . Thus, the so-called ``multifractalg g
 .formalism'' i.e., f s f s f still holds in the case of binomial measuresh g l
analyzed with respect to other binomial measures.
Computation of a . To emphasize the dependence on m, we shall writem
 .  .a x instead of a x for the Holder exponent of n at x with respect to m.Èm
w w  .  .Let x g 0; 1 be such that w [ w x exists, where w x is the propor-0 0 0
tion of zeros in the dyadic expansion of x. A straightforward computation
gives
yw log m y w log m0 0 1 1
a x s . .m yw log p y w log p0 0 1 1
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Computation of f . Let us define the notationsh
a s log 1rp , b s ylog 1rm , .  .1 1
c s log p rp , d s ylog m rm .  .0 1 0 1
w wD [ x g 0, 1 , w x exists 4 .0
E w [ x g D , w x s w 4 .  .0
L a [ x g D , a x s a 4 .  .L L
M a [ x g D , a x s a , .  . 4m m m
 .where a x represents the Holder exponent ofn at x with respect to L .ÈL
It is easy to see that
yw d q b
E w s M s L w d y b . .  . /wc y a
w xUsing the Kinney]Pitcher]Billingsley theorem 24, 14.1, p. 141; 3 , we get
yw log m y w log m0 0 1 1
a sm yw log p y w log p0 0 1 1
yw log w y w log w0 0 1 1
f a s dim M a s . .  .h m m m yw log p y w log p0 0 1 1
Here, the f spectrum has the familiar bell shape observed usually forh
multinomial measures, with maximum value equal to 1 and the line y s x
tangent to the graph. Note however that, contrary to the classical case, the
1spectrum is not symmetric in general. Of course, if p s p s , then0 1 2
m s L , and we recover the well known result for f :h
f a s yw log w y w log w . .h L 0 2 0 1 2 1
Another obvious limit case is the one where we analyze the measure n
with respect to itself, i.e., m s n . Here, a always equals 1.m
Note that, in general, the ``spectrum'' with the Hausdorff dimension
computed with respect to L need not be concave. In other words, the
 .mapping a ¬ dim M a is not concave as soon as p and m differm L m 0 0
sufficiently.
 .Computation of f . It is easy to see that t q is given by the implicitl
formula
mq pyt q. q mq pyt q. s 1.0 0 1 1
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Even though we cannot in general derive an explicit expression for t
 .except of course when p s p , it is possible to obtain such a formula for0 1
f . Indeed, the Legendre transform of t is easily computed to be, in al
parametric form,
yw log m y 1 y w log m .0 1
a w s .m yw log p y 1 y w log p .0 1
f w s q w a w y t w .  .  .  .l
with
log 1 y w log p y log w log p . 0 1
q w s .
log m log p y log m log p1 0 0 1
log 1 y w log m y log w log m . 0 1
t w s . .
log m log p y log m log p1 0 0 1
We verify that
f a s f a . .  .h m l m
Comments. These computations can easily be extended to multinomial
measures. As an application, consider the two following measures:
w wm : trinomial measure on 0; 1 , with weights m , m , m1 0 1 2
w wm : quadrinomial measure on 0; 1 , with weights p , p , p , p .2 0 1 2 3
We take
p s mlog 4r log 3 , p s mlog 4r log 3 , m - m - m0 0 3 2 0 1 2
1 y p q p 1 y p q p .  .0 3 0 3
p s q « , p s y « , 0 - « < 1.1 22 2
Then, if the analysis is performed with respect to the Lebesgue measure,
 .we have that the indices refer to the measures
 4t q s t q for q g y`; 0; 1; q` . .  .1 2
1If, for instance, we choose m s 0.1, m s 0.4, « s , then the relative0 1 11
``error,'' i.e.,
t q y t q t q y t q .  .  .  .1 2 1 2
max , /t q t q .  .1 2
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is always smaller that 0.006. As a consequence, numerical estimations of
  ..   ..q, t q or a , f a will never be able to distinguish the two measuresg
even if we are dealing with a huge number of data. This example shows
that, for practical purposes, we do need other methods for finely estimat-
ing the multiplicative properties of even simple multinomial measures: a
solution, in the case presented above, would be to perform the analysis
with respect to m , enabling the two spectra to clearly differ.1
Let us mention briefly another example. Let m be the trinomial1
 . w wmeasure with weights m , m , m on 2, 3 , with m s m s 0.1, m s 0.8,0 1 2 0 2 1
w xand m the binomial measure on the triadic Cantor set C ; 0; 1 with2
 .weights p, 1 y p , where p is chosen such that
t X 1 s t X 1 .  .1 2
 .this equation has two solutions with the chosen numerical values , with
t q s ylog mq q mq q mq .  .1 3 0 1 3
qqt q s ylog p q 1 y p . .  . .2 3
In our case, p approximately equals 0.68. It is easy to verify that, denoting
 .  .by f resp. f the f spectrum of m resp. m ,1 2 h 1 2
;a , f a F f a . .  .2 1
1 Since m and m have disjoint supports, the f spectrum of m s m q1 2 h 12
.m with respect to L is2
f a s max f a , f a s f a . .  .  .  . .h 1 2 1
Here, the singularities coming from m are ``hidden'' by those generated2
by m . This is another case where a classical multifractal analysis fails to1
correctly describe the multifractal properties of a measure m. On the
contrary, a multifractal analysis with respect to m would allow us to1
uncover these properties.
Of course, when we are facing a real situation, the question is: How do
we choose adequately the reference measures? This remains an open
problem at this stage.
4. CONSTRUCTION OF CAPACITIES
In this section, we define particular classes of Choquet capacities which
allow us to take into account in a simple manner the notation of resolu-
tion.
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4.1. Myopic Capacities
 .Let E ; R, D be a sequence of finite subsets of N such thatn nG1
 n < 4n [ card D ª q` with n. Let X [ x k g D be a sequence ofn n n k n
n  n. .finite sets of distinct points x of E, and P [ I be ak k 0 F k - n nG1n
sequence of partitions of E such that, for all n G 1, k g D , each I nn k
contains exactly one x n.k
 .For all A g P E , we note that
K A s k g D , x n g A . 4 .n n k
If we call i the one-to-one map from D into X , we can writen n n
K A s iy1 A l X . .  .n n n
We deduce the following properties:
 .  .PROPERTIES 1. 1 K B s B.n
 .  .  .2 A ; B « K A ; K Bn n
 .  .  .3 For all non-increasing sequences A of elements of P E , therek k
exists k g N such that0
K A s K A . .Fn k n k / 0
k
 .  .  .4 For all non-decreasing sequences A of elements of P E , therek k
exists k g N such that1
K A s K A . .Dn k n k / 1
k
  ..Proof. Properties 1 and 2 are trivial. Notice that the K A form an k k
 .  .sequence of closed sets of D compact , and that K F A sn n k k
 .  .  .F K A and K F A s D K A .k n k n k k k n k
Property 3. Let us show that there exists a finite subset N of N such0
 .  .  .  .that K F A s F K A . Set B s F K A and B s K An k k k g N n k k n k p n p0
 .R B. Then B form a sequence of closed sets of D with emptyp p n
intersection. We deduce that there exists a finite subset N of N such that0
 .  .F B s B, meaning that F K A ; F K A . This givespg N p k g N n k k n k0 0
 .  .  .F K A s F K A s K A with k s max N .k n k k g N n k n k 0 00 0
Property 4. Let us show that there exists a finite subset N of N such1
 .  .that K D A s D K A . The proof is similar to the previousn k k k g N n k1
 .one. One need only set B s D K A and B s B R A . This yields ak n k p p
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sequence of closed sets of D , of empty intersection. From this sequence,n
we can extract a finite sequence of empty intersection; i.e., there exists a
 .finite subset N of N such that F B s B, or equivalently D K A1 pg N p k n k1
 .  .  .  .; D K A , and thus D K A s D K A s K A withk g N n k k n k k g N n k n k1 1 1
k s max N .1 1
 .DEFINITION 3. We consider the set O of operators @ from P N =
 .NR to R such that:q q
v  .The image of I, u by @ is denoted @ u .k g I k
v
N .;u g R , @ u s 0.q B k
v
N .for all u g R and I ; I ; N, we haveq 1 2
u F u .@ @k k
kgI kgI1 2
PROPOSITION 6. Assume that the x n are such that there exists a corre-k
 .  .sponding sequence of partitions P satisfying conditions C1 and C2 . Let
 .@ be an O operator, and z be a sequence of set functions, each zn nG1 n
 n.  .mapping I to R . For all n and A g P E , we definek 0 F k - n qn
c A [ z I n . .  .@n n k
 .kgK An
 .Then, for e¨ery n, c is a Choquet P E -capacity.n
v  .  .  .  .Proof. If A ; B, then K A ; K B and therefore c A F c B .n n n n
v  .Let A be a non-decreasing sequence of subsets of E. Thek k
 .  .inequality sup c A F c D A is due to the monotony of c . Let usk n k n k k n
 .  .show the equality. There exists k such that K D A s K A , which1 n k k n k1
 .  .gives c D A s c A . This yields the desired result.n k k n k1
v  .  .Let A be a non-increasing sequence of elements of P E . Thek
 .  .inequality inf c A G c F A is due to the monotony of c . Let usk n k n k k n
 .  .show the equality. There exists k such that K F A s K A , which0 n k k n k 0
 .  .gives c F A s c A . This yields the desired result.n k k n k 0
Remark. Let p, n be two integers, p ) n, and A ; I n . Thenm
n  4K A ; K I s m . .  .n n m
 .  4Therefore, K A is either B or m , and thusn
c A s 0 or c A s c I n . .  .  .n n n m
This means that, at a give ``resolution'' n, every set included in I n is eitherm
not ``seen'' by c , or ``measured'' as I n itself. For this reason, we shall calln m
such capacities myopic capacities.
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4.2. Particular Cases
The following definitions are useful in applicatons:
 .DEFINITION 4. We define the following applications from P E to R :q
1rp
pn nc A s z I for p G 1 .  .p n k /
 .kgK An
cn A s max z I n .  .` n k
 .kgK An
cn A s min z I n .  .y` n k
 .kgK An
cn A s max card k g K A , z I n s t . 4 .  .  .iso n n k
t
 . nPROPOSITION 7. 1 c is a measure.1
 . n2 c is a Choquet capacity for p ) 1.p
 . n3 c is a Choquet capacity.`
 . n4 c is the in¨erse of a Choquet capacity, i.e., the set functiony`
 n .y1 nc [ 1rc is a Choquet capacity.y` y`
 . n5 c is a Choquet capacity.iso
 . nProof. 1 It is the particular case @ s . The additivity of c is1
trivial, and yields the desired result see the remark following the defini-
.tion of capacities .
 .  p.1r p2 Particular case @ u s  u .k g I k k g I k
 .3 Particular case @ s max.
 .4 Particular case @ s 1rmin.
 .5 Notice that
n 4c A s max card Ind K A , t , z .  . .iso n
t
with
Ind F , t , z s F l iy1 X l zy1 t .  . .n n n
  n.  n..we identify z I and z x and that this application is non-decreasingn k n k
with respect to F. We deduce the desired result by setting @ u sI
  .4max card Ind I, t, u .t
For a particular class of z , we have the results of convergence describedn
  n.  n..in Proposition 8 here again, we identify z I with z x . First of all, wen k n k
need recall a classical definition:
w xDEFINITION 5 27 . Let x , x , . . . , x , . . . be an infinite sequence such1 2 n
w x w xthat 0 F x F 1 for all n. Let a , b be an arbitrary subinterval of 0, 1 ,n
 . w xand N a , b the number of x 's, i s 1, . . . , n, belonging to a , b .n i
MULTIFRACTAL ANALYSIS OF CHOQUET CAPACITIES 23
The sequence x , x , . . . , x , . . . is called equidistributed if1 2 n
N a , b .n
lim s b y a .
nnªq`
Roughly speaking, this definition means that the ``probability'' that a
w xterm x will fall into a certain subinterval of 0, 1 is equal to the length ofn
that subinterval, which is equivalent to saying that for every Riemann-
w xintegrable function over 0, 1 , the Riemann summation converges toward
w xthe Riemann integral 27 .
w w  .PROPOSITION 8. Let E [ 0, 1 , A g P E , p g N such that z sn
unify1r p pn f with f ª f such that f is Riemann-integrable on A. Note thatn n n
5 5 w   .. p x1r p  n.f s H f x dx . If the sequence x is equidis-p A k ng N , 0 F k - n n
tributed, then we ha¨e the following results:
 . 5 5 n .1 If q ) p and f - q`, then c A ª 0.q q
 . 5 5 n .2 If q - p and f / 0, then c A ª q`.q q
 . n . 5 53 If q s p, c A ª f .qq
Proof.
q qn nc A s z x .  . . q n k
 .kgK An
qyqr p ns n f x .n n k
 .kgK An
qyqr py1. y1 ns n n f x . .n n n k
 .kgK An
Set
q qy1 n y1 nm A s n f x and h A s n  f x . .  . .  .n n n k n n k g K  A. kn
 .kgK An
Then
y1 q qm A y h A F n card K A sup f x y f x .  .  .  .  . .n n n n n
xgE
and thus
lim m A y h A s 0 .  . .n n
n
   .. .recall that card K A F n . Furthermore,n n
n y1n
q qy1 n p 5 5h A s n f | x ª f x 'dx s f . .  .  . . H qn n A k
nªq` Aks0
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 . 5 5 qTherefore, lim m A s f .qn n
 . y qr py1. 5 5 q1 If q ) p, n ª 0 and f - q`.qn
 . y qr py1. 5 5 q  n ..q2 If q - p, n ª q` and f / 0, which gives c Aqn q
ª q`.
qn q .   ..  . 5 53 If q s p, c A s m A ª f .qq n
5. CONSTRUCTION OF A SEQUENCE OF CAPACITIES
WITH PRESCRIBED LIMIT SPECTRUM
In this section, we show how to construct a sequence of myopic capaci-
ties whose f spectrum is, under mild restrictions, prescribed.h
We also prove that, given a measure m whose f spectrum exists andh
satisfies some conditions, we can define from m a sequence of myopic
capacities whose f spectrum is any continuous monotonic function whoseh
range is included in the range of the f spectrum of m.h
Finally, we show that, under some conditions, the f spectrum is thel
concave hull of the f spectrum, and in some cases, of the f spectrum.g h
As a warm-up, we first define a very particular sequence of capacities
which is simple but contains most of the ideas we would like to address in
this section.
5.1. Iso-capacities
w w  n. .Let n be a probability measure on 0, 1 , and P [ I bek 0 F k - n nG1n
 .  .a sequence of partitions satisfying C1 and C2 .
  ..Let l n be a sequence of strictly positive integers such thatn
l n .
lim s b
n q l nnªq`  .
exists and belongs to RU .q
For brevity, we shall drop the dependency upon n in the notations and
w wsimply write l. For any A ; 0, 1 , we define




nq l nql nql nql nz I s card j, n I s n I and I ; I , .  . 5 .nq l k j k j ak .l2
where I n is the unique interval which contains I nq l.ak . k
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 .We shall call c the sequence of myopic iso-capacities associated withn n
w wn . Let us examine the case where n is a binomial measure on 0, 1 , with a
dyadic partition, and the Lebesgue measure is the reference measure. For
w w  nq l ..t g 0, 1 , we easily compute c I t to benq l
l / .S tn , lnq lc I t s , . .nq l l2
where
nql
S t s 1 y t .  .n , l i
isnq1
q` yi  .with t s  t 2 , t s 0 or 1 dyadic expansion of t .is1 i i
Let us denote
n
S t s 1 y t . .  .n i
is1
We have the following lemma:
  . .LEMMA 2. Assuming b ) 0 exists, then the sequence S t rl con-n, l n
  . .¨erges if and only if the sequence S t rn con¨erges and, in this case, theyn n
ha¨e the same limit.
Proof. Set
S t S t .  .n n , l
u t [ , ¨ t [ . .  .n n , ln l
From the definition of S , we haven
nql1
u t s 1 y t .  .nq l in q l is1
n l
s u t q ¨ t . .  .n n , ln q l n q l
Hence,
u t y 1 y lr n q l u t .  .  . .nq l n¨ t s . .n , l lr n q l .
v  .  .  .  .If u t ª u t , then clearly ¨ t ª u t .n n, l
v  .  .Assume that ¨ t converges. From u t , we can extract a se-n, l n
  ..  .  .  .quence u t such that u t ª u t , and hence u t ªs n. n s n. s n.q ls n..
 .u t , which yields
u t y 1 y b u t .  .  .
¨ t ª s u t .  .s n. , ls n.. b
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and therefore
lim ¨ t s u t . .  .n , l
nªq`
 .This shows that all the convergent subsequences of u t have the samen
  ..  .limit namely lim ¨ t . Therefore, u t converges towardnªq` n, ln. n
 .lim ¨ t .nªq` n, ln.
w wLet t g 0, 1 be such that
S t .n
w t s lim .0 nnªq`
exists. Then a straightforward computation gives
log c I n t . .n
a t s lim s b 1 y f w t .  . . .iso 0nlog I tnªq`  .
 .  .  .with f u s yu log u y 1 y u log 1 y u .2 2
w xOn the other hand, for a g 0, b ,
E s t , a t s a s t , w t s w j t w t s 1 y w , 4  4 .  .  . 4a iso 0 0 0 0iso
where w is one of the two solutions of0
a s b 1 y f w . . .0
The two sets in the union above have the same Hausdorff dimension,
 .namely f w . Thus we obtain the following:0
 .PROPOSITION 9. The f spectrum of the sequence c is gi¨ en byh n n
w xa g 0, b
a
f a s 1 y . .h b
Note that a is L-a.s. equal to 0. More precisely, if t is 2-normal, then
 .  .  .lim c t s 1 and a t s 0. Otherwise, lim c t s 0. Also, fornªq` n iso nªq` n
w w < <  .any interval I ; 0, 1 , with I ) 0, lim c I s 1.nªq` n
Here, we have constructed a sequence of capacities whose f spectrumh
is a line segment. We generalize this result in the following section.
5.2. Controlling the Shape of the f Spectrumh
The iso-capacities introduced in Section 5.1 prove a special case of the
myopic capacities to be defined in the proof of the Theorem 2. First of all,
we need some definitions.
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w wLet C be the space of all Choquet capacities defined on 0, 1 , and
w xtaking values in 0, 1 .
q w x  4Let F be the space of all functions from R to 0, 1 j y` .
Define
qD f [ a g R f a / y` . 4 .  .
For a closed subset A of Rq, define
F A [ f g F , D f s A and f is either invertible with .  .
f y1 continuous, or f is identically zero on A4
F 0 [ F A .D
A closed
F 1 [ f g F , ' f , f g F 0 for all n and f s sup f . . 4n n n nnG1
On the other hand, let us denote by S the set of all functions that are the
f spectra of a sequence of capacities belonging to C , i.e.,h
f g S m 'c [ c , ;n , c g C and f s f . .n n h , cnG1
The following theorem shows that every element of F 1 is the f spectrumh
of a sequence of C.
THEOREM 2. F 1 ; S .
Throughout the rest of the paper, we shall say that m is a reference
measure if and only if m is a non-atomic probability measure defined on
w w0, 1 .
We prove the theorem in several steps.
DEFINITION 6. Let m be a reference measure, and n be a probability
w w  .measure defined on 0, 1 . n is said to verify property P if and only ifm
 .there exists a non-empty closed subset D of D f such that the restric-h, n
tion of f to D is continuous and invertible. n is said to verify propertyh, n
 X .  .P if and only if there exists a non-empty open subset D of D f suchm h, n
that the restriction of f to D is continuous and invertible.h, n
We first note that there indeed exist reference measures m such that the
 .  X .set of probability measures n verifying P or P is not empty. Take,m m
for instance m to be the Lebesgue measure, n to be a binomial measure
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 .with weights m , m , m - m , and0 1 0 1
log m m2 0 1
D [ ylog m , y for P and .2 1 m2
log m m2 0 1 X
D [ y log m , y for P . .2 1 m2
The key result for proving the theorem is
PROPOSITION 10. Let m be a reference measure such that there exists a
 .  .probability measure n satisfying P . Let D be a closed subset of D fm h, n
such that the restriction of f to D is continuous and in¨eritible.h, n
q  .Let A and B be two closed sets, A ; R , B ; f D . Let s be anh, n
y1 <in¨ertible function from A onto B such that s ( f is continuous, whereFh, n
y1  .  .F [ f B . Then there exists a sequence c [ c of C such thath, n n nG1
<f s sAh , c
< cf s y`,Ah , c
where Ac [ RqR A.
 n. .Proof. Let P [ I be the analyzing sequence of partitionsk k nG1
 .  .verifying C1 and C2 , used for the computation of f . Notice that theh, n
 . <assumption B ; f D implies F / B, and F is closed since f isDh, n h, n
continuous.
Recall that
log n I n x . .
a x [ . .n nlog m I x . .
 .As in Section 4, we associate to P a sequence X such that, for everyn nG1
 n 4 n nn, X [ x ; 0 F k - n , and each I contains exactly one x .n k n k k
Set
G [ a x n ; k s 0, . . . , n y 1 4 .n n k n
G [ G .D n
nG1
w w  .Let x g 0, 1 be such that a x exists. Then
a x [ lim a x s lim a x n , .  .  .n n k  x .nn n
 .  . n n .  .where k x is the unique integer such that I s I x . Hence a xn k  x .n
g G, which gives
F ; D f ; G. .h , n
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Define
<f [ f Fh , n
g [ sy1 ( f .
g is a continuous one-to-one function from F onto A. Since F and G are
closed, there exists, by Tietze's extension theorem, a continuous function gÄ
defined on G such that
<g s g .Ä F
 .We can now construct the desired sequence c s c of Choquetn ng N
capacities. The c will be myopic capacities as defined in Section 4, andn
 .are given by using the notation of Section 4
  n..   n. .g a x qu d a x , FÄn n n k n n kz I [ m I .  .n k k
n w wc A [ max z I for A ; 0, 1 , .  .n n k
 .kgK An
 .where u is a bounded and non-convergent sequence of non-negativen ng N
  .n.  .real numbers e.g., u s 1 q y1 , and d x, F denotes the distancen
between x and F.
Set
log c I n x . .n
b x [ . .n nlog m I x . .
This gives
b x s g a x q u d a x , F . .  .  . .  .Än n n n
We are led to distinguish two situations:
 .  .  .1 a x g F. In this case, using the continuity of d ?, F and g,Ä
b x [ lim b x s g a x s sy1 ( f a x . .  .  .  . .  .Än
n
 .  .   . .  42 a x f F. Then d a x , F ) 0, and since u does not con-n
 .verge, neither does b x .n
Finally,
a x g F « b x exists .  .
a x f F « b x does not exist. .  .
 .  .We still need to prove that if a x does not exist, neither does b x .
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 .   ..Assume that a x does not exist Then, from a x , we can extractn n
  ..   ..two sequences, a x and a x , converging toward different val-n n n n1 1 2 2
 .  .ues a x and a x , respectively.1 2
We consider the cases:
 .  .  .  . y1   ..1 a x g F and a x g F. In this case, b x ª s ( f a x1 2 n 11
 . y1   .. and b x ª s ( f a x . Since the two limits are different becausen 22y1 .  .s ( f is invertible , b x does not exist.
 .  .  .  . y1   ..2 a x g F and a x f F. In this case, b x ª s ( f a x ,1 2 n 11
 .  .and b x does not converge. Thus b x does not exist.n2
 .  .  .  .  .3 a x f F and a x f F. In this case, neither b x nor b x1 2 n n1 2
 .converges, and again, b x does not exist. Finally,
a x does not exist « b x does not exist. .  .
Set
w wD [ x g 0, 1 , a x exists 4 .
X [ x g D , a x g F . 4 .
We just proved that
x g X m b x exists. .
Let b g A. Then
E [ x g X , b x s b 4 .b
s x g X , a x s fy1 ( s b 4 .  .
s x g D , a x s fy1 ( s b since fy1 ( s maps A onto F . 4 .  .  .
Hence
f b [ dim E s f fy1 ( s b s s b . .  .  . .h , c m b h , n
It is straightforward to check that E s B if b f A.b , c
The previous proposition shows that the elements of F 0 which are not
identically zero belong to S in fact, it proves a little more, since we only
y1 y1.need s ( f to be continuous and not necessarily s .
 .The following proposition takes care of the case f s 0 on D f .
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PROPOSITION 11. Let F be a closed subset of Rq. There exists a sequence
0  0.c [ c of C such thatn nG1
0 if a g F
0f a s .h , c  y` if a f F .
 n. .Proof. Let P [ I be a sequence of partitions verifying condi-k k n
 .  .  n. .tions C1 and C2 , and consider the associated sequence x as ink k n
 .the proof of Proposition 10. Let u be a non-convergent and boundedn n
sequence of Rq.
Define
n  n .x qu d x , Fn n k n kz I [ m I . .  .n k k
0 .   n. <  .4m is any reference measure, and c U [ max z I k g K U for alln n k n
q w w  .  . nU ; R . For x g 0, 1 , let k x be the index of the unique interval In k
containing x. Clearly, x n ª x when n tends to infinity. This givesk  x .n
log c0 I n x . .n n nb x [ s x q u d x , F .  .n k  x . n k  x .n n nlog m I x . .
 .  .  .and b x [ lim b x s x if x g F. If x f F, then b x does notn n n
converge. The f spectrum is given byh
0 if b g Fw w0f b [ dim x g 0, 1 , b x s b s 4 .  .h , c m  y` if b f F .
Proposition 10 together with Proposition 11 proves that F 0 ; S . To prove
F 1 ; S , we use the following construction:
1  .Proof of Theorem 2. Let f g F . Then there exists a sequence fi iG1
0  .of F such that f s sup f . Let A [ D f , and A [ D A . A is an Fi i i i i i s
 .set since every A is closed . Using Propositions 10 and 11, we may find,i
  i..for every i, an element of C , say c [ c , such that f s f .i n nG1 h, c ii
Without loss of generality, we may assume that every c i. is null outsiden
w  . w  i.  .I [ 1r i q 1 , 1ri . Set, for every n, c [ sup c and c [ c .i n iG1 n n nG1
Then c g C. Since the I 's are disjoint, one easily shows thati
E [ EDa , c a , ci
i
and thus
f s sup f s sup f s f .h , c h , c ii
iG1 iG1
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EXAMPLE 1. Let F be an F subset of Rq. There exists a sequences
z  z.c [ c of C such thatn n
0 if a g F
zf a s .h , c  y` if a f F .
q  .Proof. Let F [ D F , where F is closed in R . The sequence Fi i i i i
may be chosen such that F ; F .i iq1
From Proposition 11, we know that for every i, there exists a sequence
c i. of C such that
0 if a g Fi
 i.f a s .h , c  y` if a f F .i
Therefore, for all i, f  i. g F 0 and, by Theorem 2, there exists c g Ch, c z
such that
f z s sup f  i. .h , c h , c
i
Since F ; F , one easily verifies thati iq1
0 if a g F
zf a s .h , c y` if a f F .
Remark. In the following, we shall refer to f z for f z when consider-h, c
ing the particular case F s Rq, and we keep the notation c z for the
corresponding myopic capacity. Thus, f z s 0 on Rq. Note that the support
z w wof c can be chosen arbitrarily among subintervals of 0, 1 , semi-open to
the right.
q x xEXAMPLE 2. Let F be an F subset of R ,and a g 0, 1 . Thens
a| g S.F
Proof. Suppose first that F is closed. For all p, let f be the restrictionp
to F of
1rpx q 1
x ¬ a . /x q 2
Clearly, f g F 0 for all p, and by Theorem 2,p
sup f g F 1.p
p
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 .Thus, there exists a sequence c [ c of C such thatn n
a on Ff sh , c y` elsewhere.
1 . w wWe can choose see the remark above a sequence c null outside 0, .2
z If we consider the sequence c of Example 1 we can choose a sequence
1z w w.c null outside , 1 , then setting2
d [ max c, c z .
gives
f s a| .h , d F
The generalization to F sets can be easily deduced by following the liness
of the proof of Example 1.
Since both Cantor sets and the set of all positive rationals are F sets,s
we have
EXAMPLE 3. | g S and | qg S .Cantor Q
The following proposition is a weak version of Proposition 10, but is
more appropriate for practical purposes as it permits us to construct the
desired sequence of capacities very easily.
 n. .PROPOSITION 12. Let P [ I be a sequence of partitions ¨erifyingk k n
 .  .conditions C1 and C2 . Let m be a reference measure, and n a probability
 X .  .measure ¨erifying P . Let D ; D f be an open set such that f ism h, n h, n
qcontinuous and in¨ertible on D. Let A, be two open sets, A ; R , B ;
y1 y1 .  . <f D , such that f B s f B , where f [ f . Let s be an in¨ertible . Dh, n h, n
y1  .function from A onto B such that s ( f is continuous and s A s B. Then
 .there exists a sequence c s c of C such thatn nG1
< <f s sA Ah , c
< <f F s­ A ­ Ah , c
c<f s y`, A.h , c
where f is the f spectrum of c with respect to the measure m.h, c h
y1 .  w < w  . 4Set O [ f B , D [ x g 0 1 , a x exists , and
L [ x g D , a x g ­ O , R [ lim x g D , a x g O . 4  4 .  .nn
 .If L R R s B or dim L R R s 0, thenm
< <f s s .­ A ­ Ah , c
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w wProof. Recall that, for all x g 0, 1 ,
log c I n x . .n
a x [ .n nlog m I x . .
 .  .   .and a x [ lim a x when this limit exists. Set R [ x g D; a x gn n n n
4   . 4  .O and X [ x g D; a x g O hence R s lim R . The desirednn
 .myopic capacity is constructed using @ s max and
y1   n..s ( f a xn nn km I if a x g O .  .n k n kz I [ .n k  0 otherwise.
Following the lines of the proof of Proposition 10, it is clear that, if
 .  . y1   ..x g X j R l L , b x exists and equals s ( f a x . Otherwise, either
 .  .b x does not exist, or it does not converge and thus b x is not defined.n
This implies in particular that, if b f A, then E s B.b , c
Notice that
a g O m sy1 ( f a g A. .
We will need the following lemma:
y1  .LEMMA 3. b g ­ A m f ( s b g ­ O.
y1  .Proof. Let us prove b g ­ A « f ( s b g ­ O. We have
y1 y1 y1 y1b g A « f ( s b g f ( s A s f B s f B s O .  .  .  .
and
fy1 ( s b g O « b g sy1 ( f O s A. .  .
Conversely,
y1 y1f ( s b g O « b g s ( f B s A .  .
y1 y1b g A « f ( s b g f ( s A s O. .  .
 .1 If b g A, then
E [ x g X j R l L , b x s b 4 .  .b , c
s x g X j R l L , a x s fy1 ( s b . 4 .  .  .
Since fy1 ( s maps A onto O, we have
E s x g X , a x s fy1 ( s b s E y1 , 4 .  .b , c f ( s b . , n
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which gives
< <f s s .A Ah , c
 .2 If b f A, then E s B andb , c
c<f s y`.Ah , c
 . y1  .3 If b g ­ A, then, since f ( s maps ­ A onto ­ O Lemma 3 ,
E [ x g X j R l L , a x s fy1 ( s b 4 .  .  .b , c
s x g R j L, a x s fy1 ( s b 4 .  .
; x g L, a x s fy1 ( s b \ E y1 . 4 .  . f ( s b . , n
Hence,
< <f F s­ A ­ Ah , c
Notice that
E y1 s E j x g L R R , a x s fy1 ( s b , 4 .  .f ( s b . , m b c
which yields
s b s max f b , dim x g L R R , a x s fy1 ( s b . 4 .  .  .  . h , c m
 .Thus, if dim L R R s y` or 0, thenm
< <f s s .­ A ­ Ah , c
ÄThe following two results allow a better knowledge of f and f for ah g
certain class of capacities.
 n.THEOREM 3. Let P [ I be a sequence of partitionsk 0 F k - n .ng Nn
 .  .  .¨erifying conditions C1 and C2 , and c [ c be a sequence of Choquetn n
 .capacities. Let m be a reference measure, and l be a sequence ofn nG1
 .integers ¨erifying 1 , Section 2.1.4. Set
nlog c I .n k






ÄUUf s f .l , c g , c
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Ä ÄUUProof. Since f F f , we already have f F f . We shall only prove theg l g l
opposite inequality. Set
log c I n .n kna x [ . .n k nlog m I .k
By assumption, we have
 .N n
n  4G [ a x , 0 F k - n \ a 4 . Dn n k n i , n
is1
with




K [ 0 F k - n , a x n s a . 4 .i , n n n k i , n
 n.  n.an x nk .Replacing c I by m I gives, for all q and t ,n k k
 .N n
n qa yt .qa x yt i , nn nn kX q y 1, t [ m I s m I . .  .  .  n k k
k-n is1 kgKn i , n
Set
qa yti , nni n [ argmax m I . .  . k
 .is1, . . . , N n kgK i , n
  . .i n may be not unique. In that case, take the smallest one, for instance.
 .This yields we denote K for K and a for an in., n n in., n
qa ytnn;n X q y 1, t F N n m I . .  .  .n k
kgK n
This inequality holds in particular for those indices n9 of the subsequence
 .  .of log X q y 1, t rl converging toward X q y 1, t .n n
 .  .Furthermore, we can extract from a a sequence a convergingn9 p
Ätoward a limit denoted a . Recall that, in the definition of f , we have, forg
all « ) 0,
« p w xK a [ k - n , a x g a y « , a q « . .  . 4p p p k
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 p.When k g K , then g x s a \ a . For all « ) 0, there exists pp p k i p., p p 0
such that for all p G p ,0
w xa g a y « , a q « .p
Hence,
;« ) 0, 'p , ;p G p K ; K « a .0 0 p p
and
qa yt  .q a"« ytpp pX q y 1, t F N p m I F N p m I .  .  . .  . p k k
« « .  .kgK a kgK ap p
s N p S p a , q a " « y t .  . .«
 .the choice between q or y depends upon the sign of q .
Ä«  .  .   . .Let t be such that f a ) q a " « y t . Then S a , q a " « y tg «
s 0, and hence there exists c ) 0 such that, for all large p,
S p a , q a " « y t - c, . .«
which yields
log cN p . .
X q y 1, t F lim s 0. .
gp p
 .This implies t F t q . We thus proved
Ä«;q , 'a such that ;« ) 0, q a " « y f a F t q . .  .  .g
When « decreases to 0, we obtain
Ä ÄUt q G qa y f a G f q . .  .  .g g
We conclude that
UUÄf G t * s f .g l
 . .The condition lim log card G rl s 0 is not necessary. Indeed, then n n
 .following example gives a sequence c [ c of C which does notn nG1
ÄUUverify this condition, and yet is such that f s f .l, c g
n w yn  . ynw nEXAMPLE 4. Choose I [ k2 , k q 1 2 , n s 2 , l s n, andk n n
 n. yn k 2ynz I s 2 and c the associated myopic capacity with @ s max.k n
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w wComputation of f . Let x g 0, 1 . We haveh
log c I n x . .n yna x [ s k x 2 ª x when n ª q`, .  .n nnlog m I x . .
 . w n x  n . n . w wwhere k x [ 2 x i.e., I x s I . Thus, for all a g 0, 1 ,n k  x .n
w w  4E [ x g 0, 1 lim a x s a s a .a n 5
n
w wand E s B for a g 1, q` . We obtaina
w w0 if a g 0, 1
f a s .h  w wy` if a g 1, q` .
q x wComputation of f . Let a g R , n g N, and « g 0, 1 . Theng
nlog c I .n kn n w xN a [ 0 F k - 2 g a y « , a q « .« n 5log m I .k
n n ns 0 F k - 2 2 a y « F k F 2 a q « . 4 .  .
v If a s 0, then
n nN 0 s 2 a q « q 1, .  .«
 .which gives f 0 s 1.g
v If a s 1, then
n n nN 1 s 2 y 2 a q « , .  .«
 .which gives f 1 s 1.g
v x wIf a g 0, 1 , then
n n nN 1 s 2 a q « y 2 a y « q 1, .  .  .«
 .which gives f a s 1.g
v
nx w  .If a ) 1, then for all « g 0, a y 1 , we have N a s 0, and thus«
 .f a s y`.g
Computation of f . From Proposition 3, we deduce f s f .l l g
 .   . .PROPOSITION 13. Let c be p sequences C c [ c , takingi is1, . . . , p i n, i n
w w¨alues in 0; 1 , and let m be a reference measure. Assume that, for all i, n,
w w p w w w wc is null outside a ; b , where a - b F a , and D a , b s 0, 1 .n,i i i i i iq1 is1 i i
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 n, i. . w wLet I be a sequence of partitions of a ; b in inter¨ als ¨erifyingk k n i i
 .  .conditions C1 and C2 . Define
p1
;n c s cn n , ip is1
 .  n, i. . w wand c [ c . Thus I is a sequence of partitions of 0; 1 satisfyingn n k i k , n
 .  .conditions C1 and C2 . If
ÄUUf s fl , c g , ci i
then
ÄUUf s f .l , c g , c
If
f s f UUl , c h , ci i
then
f s f UU .l , c h , c
For simplicity, we shall write f for f for f for f . Forl, i l, c , f g , i g , c , and f h, i h, ci i i
 . a sequence c [ c of C , let t denote the t function see Sectionn nG1 c
.2.1.4 associated with c.
We will need the following lemma:
 .LEMMA 4. Let c , c and m be the quantities defined in Proposi-i is1, . . . , p
tion 13, and consider the partition defined therein. Then
t s min t .c ciis1, . . . , p
Proof. Denote t for t . For all q, t ,i c i
q ytn nX q y 1, t s c I m I .  .  .n n k k
k
p
q ytn , i n , is c I m I .  .  n , i k k /
is1 k
p
s X q y 1, t . . n , i
is1
 .Let t - min t . Then X q y 1, t - 0 for all i, and there exist pis1, . . . , p i n, i
constants c ) 0 such that, for large n,i
X q y 1, t - exp yl c .  .n , i n i
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and hence, for large n,
X q y 1, t F p exp yl c , .  .n n
where c [ min c . Thereforeis1, . . . , p i
X q y 1, t F yc - 0, .
 .which gives t - t q , and thenc
t q G min t q . .  .c i
is1, . . . , p
Let us prove the opposite inequality. We have
; i X q y 1, t F X q y 1, t .  .n , i n
and thus
; i X q y 1, t F X q y 1, t . .  .i
This yields
; i t q F t q and hence t q F min t q . .  .  .  .c i c i
is1, . . . , p
 4Proof of Proposition 13. Set I [ 1, . . . , p . Define, for all i g I,
log c I n x . .n , i
a x [ .n , i nlog m I x . .
a x [ lim a x .  .i n , i
nªq`
log c I n x . .n
a x [ .n nlog m I x . .
a x [ lim a x .  .n
nªq`
w wE [ x g a ; b , a x s a 4 .a , i i i i
w wE [ x g 0; 1 , a x s a 4 .a
f a [ dim E .h , i m a , i
f a [ dim E .h m a
n , i n w wK a [ k , a x g a y « ; a q « 4 .  .« n , i k
n n w wK a [ k , a x g a y « ; a q « , 4 .  .« n k
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where x n is the lower bound of I n. Notice thatk k
w w; i , ; x g a ; b a x s a x . .  .i i i
A straightforward calculation shows that
E s E ,Da a , i
igI
which gives
f a [ dim E s sup f a .  .h m a h , i
igI
and, using f s f UU ,l, i h, i
; i g I f U F f U s th h , i i
 UU .t s t because t is concave , or equivalentlyi i i
f U F min t s t .h i
igI
We thus obtain
f s t * F f UUl h
and
f s f UUl h
ÄUU ÄUULet us prove f s f « f s f . One easily shows thatl, c g , c l, c g , ci i
;« ) 0, ; i , ;a K n , i a ; K n a . .  .« «
Thus
b bn , i n n nS a , b [ m I F m I \ S a , b , .  . .  . « k k «
nn , i  . . kgK akgK a ««
which implies
Ä« Ä«;« ) 0, ; i , ;a f a F f a .  .g , i g
and
Ä Ä; i , ;a f a F f a . .  .g , i g
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We then obtain
ÄU ÄU; i f F f s tg g , i i
and
ÄUf F min t s t .g i
igI
This yields
ÄUf [ t * F f .l g
We conclude that
UUÄf s f .l g
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